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A coupling Method of Regularization and Direct
Computation Method for solving Two-dimensional Fredholm
Integral Equations

ALl ABAOUB ASMA EMBIRSH ABEJELA SHKHEAM

SABRATHA UNIVVERSITY, SABRATHA SEINCE FACULTY

Abstract:

In this paper, we will use the combination of
Regularization method and Direct computation method, or
shortly, Regularization-Direct method for solve two dimension-
al linear Fredholm integral equations of first kind, by converting
the first kind of equation to the second kind by applying the
regularization method. Then the Direct compotation method is
applying to getting the resulting second kind of equation to
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obtain a solution. A few examples are provided to prove the
validity and applicability of this approach.

Keywords: linear integral equations; Fredholm integral
equations; Regularization method, direct compotation method;
two- dimensional integral equations.

1. Introduction:

In recent years, several methods have been used to
approximate the solution of one and two- dimensional linear
integral equations of the first kind by researchers in mathematics,
physics and engineering. An algorithm to handle the linear
Fredholm integral equations of the first kind was proposed by
Wazwaz [4]. Whilst Bazrafshan et al. [12] used homotopy
analysis method to solve two-dimensional integral equations.
Ahmed Altiirk [1] have been used the regularization-homotopy
method for solving two dimensional Fredholm integral equation
of the first kind. In this paper, we consider Linear Fredholm
integral equations of first kind in two dimensional of the form

b d
ffK(x, t,y,z)u(y,z)dydz = f(x,t), x€[a,b],t

€ [c,d] (1)

Where f(x, t), and the kernel K(x, t, y, z) are continuous and
given functions. Research on the two-dimensional case has been
getting more attention recently [2, 3], [10],[ 12, 13], [16, 17], and
[19]

In this work, we will apply the regularization method [1] that is
considered reliable especially in solving first kind integral
equations. The method transforms a first kind equation to a
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second kind equation. By converting the first kind to a second
kind, then we can apply the existing techniques of the second
kind to the transformed equation. The direct computation method
will be combined with the regularization method to handle
Fredholm integral equations of the first kind.

2. The Regularization Method:

The regularization method was established independently
by Tikhonov [7, 8], Phillips [11]. This method consists of
transforming the first kind integral equations to the second
equations. The details for one dimensional case can be found in
[5, 7, 8], and [11]. We instead focus on the two-dimensional
case. The regularization method for the two-dimensional
Fredholm integral equations of the first kind was introduced in
[13]. We now briefly explain the method. Like in one
dimensional case, the regularization method transforms the two-
dimensional Fredholm integral equation of the first kind (1) to a
two-dimensional linear Fredholm integral equation of the second
kind as

b d
puy, (x,t) = f(x,t) — f f K(x,t,y,z)u,(x,t)dydz (2)

Where u is a small positive parameter. Notice that one could
express equations (2) as

1 1 ‘L
u, (x,t) = ﬁf(x' t) — ;f f K(x, t,y,z)u,(y,z)dydz (3)
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It was shown in [9] that the solution of equation (3)asu — 0
approaches u(x, t) which is the solution of equation (1). In other
words,

u(x, t) = Il}_r)r(l) u, (x,t)

3. Existeness and uniqueness solution:
In this section we state some results about existence and
unigueness solution from the operator theory [15, 18]. Let

A:C([a,b] X [c,d]) = C([a, b] X [c,d])
And the integral operator

d b
Au(x, t) = j f K(x, t,y,z)u(y, z)dydz x € [a,b],t
cC a

€led] @
Theoreml. Let k:C([a, b] X [c,d] X [a, b] X [c,d]) = R be
continuous, then the operator A defined by (4) is bounded with
the norm:
d b

Al =  max f f Ik(x,t,y, 2)|dydz

x€la,bl,te[c,d]
c a

Proof. See [15].

Theorem?2.
Forany u > 0,f € C([a, b] X [c,d]) and bounded linear
operator A, the equation (3) is solvable and has a unique solution.
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Proof. See [9].

We know that the two-dimensional Fredholm integral
equations of the first kind are ill-posed problems. The solution
for an ill-posed problem may not exist, and if it exists it may be
non-unique [13]. We will apply the regularization method to
convert the first kind Fredholm integral equation to the second
kind integral equation. Then, the resulting second kind integral
equation will be solved by the direct compotation technique that
will be presented in the next section.

4. The Direct compotation method:
The direct computation method will be applied to solve the
Fredholm integral equations

d b
ulx,t) =f(x,t)+ f j k(x,t,y,z)u(y,z)dydz (5)
c a
. The method approaches Fredholm integral equations in a direct
manner and gives the solution in an exact form and not in a series

form. It is important to point out that this method will be applied
for the degenerate or separable kernels of the form

KGot,,2) = ) ix Oh(3,2) (6)

To apply the direct computation method to (5), substituting
from (6) to (5) implies

n d b
uGod) = Fn 0+ . gi) | [ o 2u,dvdz
i=1 c a
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Each integral at the right side depends only on the variables y and
Z, SO by setting

d b
f J h;(y,2)u(y,z)dydz, i
cC a

=12,..,n, (7)
We obtain

n

U0 = (0 + ) tgix0) ®)

i=1
Substituting (8) into (7) yields

= [ G, 2) f(, D) dydz +

n db
+z J j (hi (v, 2)9;(7,2)) dydz, i

J=1c¢ a

=1,2,..,n, 9

Which is a system of n algebraic equations with unknowns

aq, ay, ..., Ay, SO by the System (9) and using the obtained
numerical values of a4, a5, ..., @, into (8), the solution u(x,t) of
the Fredholm integral equation (5) is obtained.

5. Regularization - Direct Computation Method:
We investigate a two-dimensional linear Fredholm integral
equation of the second kind:

d b

f(x,t) =jfk(x, t,y,z)u(y,z)dydz (10)
c a

We give an algorithm about how to apply the method.
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We recall from Section 2 that the regularization method
transform Equation (10) to the following equation:

. . d b
u,(x, t) = l—lf(x, t) —l—ljfk(x, t,y,2)u,(y,z)dydz (11)

Since the aim of this article is to extend the direct computation-
regularization method introduced in [1], we construct the direct
computation as follows:

1
w(x,t) = ;f(x; t)
1% d b
+,l_l;gi(x,t)£ .[ahi(y,z)uﬂ(y’z)dydz

1
u, (t,x) = ;f(x, t)

n

1
+;Z a;gi(x,t) (12)

d b
ffh v, 2)u, (v, z)dydz )
cC a

=12, ...n (13)

6. llustrative Examples

We note that we assume the kernel k(x, t, y, z) is separable,
e. k(x,t,y,z) = glx, t)h(y, z). We also require the function
f (x,t) involve components matched by g(x,t). Thisis a
necessary condition for a solution to exist (10).
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Example 1:

Consider the following linear Fredholm integral equation of the
first kind:

11
(x+1t)= f f(x + )y u(y, z)dydz (14)
0 0

The regularization method transforms Equation (23) to

u,(x, t) = l(x +t)— lJ J(x + )y u,(y,z)dydz (15)
U #0 ;

Now, we solve (15) by the direct computation method. To do
this, equation (15) can be written as

u,(x, t) = %(x +t)
—%(x + t)a (16)

Where «a is constant given by

a
11

= f f yu, (x,t)dydz (17)
00

Substituting (16) into (17) implies

a

= ! 18

7+ 12u (18)

So, when u — 0 we obtain

12
u(x,t) = 7(x +t)
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